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parametric uncertainty in initial conditions and model coefficients, whose solutions exhibit
discontinuities in the spatial as well as in the stochastic variables. The stochastic spectral
method relies on multi-resolution schemes where the stochastic domain is discretized
using tensor-product stochastic elements supporting local polynomial bases. A Galerkin
projection is used to derive a system of deterministic equations for the stochastic modes
of the solution. Hyperbolicity of the resulting Galerkin system is analyzed. A finite volume
scheme with a Roe-type solver is used for discretization of the spatial and time variables.
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Upwinding ces, which is particularly well adapted to local polynomial bases. Efficiency and robustness
Galerkin projection of the overall method are assessed on the Burgers and Euler equations with shocks.
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1. Introduction

In numerical simulation, accounting for uncertainties in input quantities (such as model parameters, initial and boundary
conditions, and geometry) is an important issue, especially in risk analysis, safety, and design. Assuming that these input
quantities can be parametrized by random variables with known distribution functions, the question is to quantify the
resulting uncertainty in the numerical solution. Uncertainty quantification (UQ) provides for instance numerical error bars
that make the comparison with experimental observations easier and therefore facilitate the evaluation of physical models.
Moreover, they enable to identify the uncertain parameters that should be measured or controlled with more accuracy be-
cause they have the most significant impact on the solution. Furthermore, they allow for the assessment of the reliability
level that can be attached to computations.

Stochastic spectral methods provide effective tools for UQ. Such methods decompose random quantities on suitable
approximation bases. Their main interest is that they provide a complete probabilistic description of the uncertain solution.
A classical choice for the stochastic basis is the set of generalized Polynomial Chaos (gPC) spanned by random polynomials,
continuous in the stochastic domain and truncated to some degree. Polynomial Chaos (PC) methods were originally intro-
duced by Ghanem and Spanos [11] following the Wiener Chaos theory [37] in which random processes are expanded in a
Hermite polynomial basis of Gaussian random variables. The theory was then extended to the case of more general random
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processes that can be expanded on a basis of orthogonal polynomials associated with the chosen random variables; see
among others [39]. Then, two types of resolution methods are available. The first ones are called non-intrusive and are based
on the use of the numerical code solving the deterministic model (without uncertainty) as a black box to construct the spec-
tral expansion of the solution. Two approaches can be used, either the probabilistic collocation method [25,38,2,9,30,8],
which consists in approximating the stochastic solution by a polynomial interpolation, or the non-intrusive projection meth-
od [32,14,22], which is based on the evaluation of the stochastic modes of the solution by numerical integration. For the two
cases, the issue is to find the set of interpolation or integration points that provide the most accurate stochastic approxima-
tion. The second type of resolution methods are stochastic Galerkin methods based on a Galerkin projection of the model
equations yielding a reformulated deterministic problem for the stochastic modes of the solution. Such methods are called
intrusive because of the need to rewrite to some extent the simulation code. Their advantage is to rely on the weak form of
the problem and thereby on a firmer theoretical background. Therefore, they are in our opinion better suited for mathemat-
ical analysis and improvements such as refinement and adaptation. In particular, stochastic Galerkin methods applied to
elliptic and parabolic problems are relatively well understood. Such methods have been successfully applied in many do-
mains (see [11] and references therein). Regarding viscous flow models, previous works have dealt with the incompressible
Navier-Stokes equations [21,22], low Mach number flows [20], and electrochemical microfluidic applications [5]. Recent re-
views on uncertain fluid flows can be found in [15,27,28].

The application of stochastic spectral methods to hyperbolic systems of conservation laws (in particular inviscid flows)
poses additional challenges. The main difficulty is that solutions can exhibit discontinuities (in the spatial domain) in finite
time due to the development of shock waves and contact discontinuities (in the spatial variables). Although these disconti-
nuities concern the spatial variables, their propagation speed can be affected by uncertainty, thereby leading to discontinu-
ities in the stochastic variables as well. As a result, bases of continuous polynomials in the stochastic domain become
inappropriate, because of aliasing errors [3] and Gibbs-type phenomena [17]. To overcome this issue, Multi-Resolution Anal-
ysis (MRA) methods using stochastic finite elements [4], multi-element gPC (ME-gPC) [36], and multi-wavelet expansions
[17-19] can be used to make the spectral representation more local by decomposing the stochastic domain into different
regions or different scales. Another difficulty originates from the nonlinearities in the physical fluxes of the stochastic hyper-
bolic system raising the issue of computing such fluxes in the context of Galerkin projections. Indeed, all mathematical oper-
ations must be applied to the stochastic expansions that represent the variables. One attractive approach is to use pseudo-
spectral techniques [6].

Polynomial collocation methods have already been applied by Mathelin et al. [26] to the Euler equations but in the con-
tinuous case. Other non-intrusive approaches include that of Abgrall [1] based on ENO-like reconstructions for the convec-
tion, Burgers, and Euler equations, and that of Lin et al. [24] based on multi-element probabilistic collocation methods for
supersonic flows past a wedge with random roughness. Concerning intrusive methods, most of the approaches found in
the literature are in fact pseudo-intrusive because the fluxes in the Galerkin system are computed in a non-intrusive way
by quadrature methods, as for instance in Ge et al. [10] for the shallow-water equations and in Poette et al. [31] for the Bur-
gers and Euler equations. One nice feature of this latter approach is that the polynomial expansion is carried on suitable
entropic variables and not on the original conservative variables, so that it can be proven that the Galerkin projection leads
to a hyperbolic system; however the numerical algorithm requires a minimization procedure to recover the solution expan-
sion that can be time consuming.

To our knowledge, very few intrusive stochastic spectral methods have been investigated for uncertain hyperbolic prob-
lems. The scalar wave equation has been treated with gPC methods by Gottlieb and Xiu [13]. The case of nonlinear hyperbolic
systems is obviously more difficult. Supersonic flows past a wedge with random inflow fluctuations or random wedge oscil-
lations around its apex have been studied using ME-gPC methods by Lin et al. [23]. In the context of intrusive methods, a
crucial question is the design of a suitable scheme to approximate in the spatial and time domains the evolution problem
associated with the Galerkin projection. Typically, one would like to use a finite volume (FV) scheme with appropriate
upwinding. For instance, Lin et al. [23] considered upwinding using the mean values (in the stochastic domain) of the eigen-
vectors of the Galerkin Jacobian matrix. As mentioned in [23], this approach is only justified in the case of relatively small
fluctuations of the random quantities. The present paper improves on this point both theoretically and numerically, by using
full spectral information on the eigenvectors of the Galerkin Jacobian matrix and by proposing a cost-effective method to
approximate the absolute value of this matrix.

The purpose of the present work is to investigate intrusive methods for nonlinear stochastic hyperbolic systems. To this
end we discretize as in [36] the stochastic domain using tensor-product stochastic elements supporting local polynomial
bases. A stochastic Galerkin projection is then used to derive the Galerkin system, that is, the set of deterministic equations
coupling the stochastic modes of the solution on the selected basis. The nonlinear fluxes in the Galerkin system are com-
puted in a pseudo-spectral way with the tools described in [6]. A FV method with a Roe-type solver is used to approximate
the Galerkin system in the spatial and time domains. At the theoretical level, our main result is that the Galerkin system is
proven to be hyperbolic in two specific cases, namely when the original stochastic problem has a symmetric Jacobian (the
main application being scalar conservation laws) and when its eigenvectors are independent of the uncertainty (the main
application being linear hyperbolic systems with uncertainty only on initial or boundary conditions). Moreover, in the gen-
eral case, we identify an approximate Galerkin Jacobian matrix which is shown to be R-diagonalizable and whose eigen-
values can be easily determined from those of the original stochastic problem. These eigenvalues are solely used as data
in the determination of a (low-degree) fitting polynomial that can be applied to the actual Galerkin Jacobian matrix to
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compute an upwinding matrix for the Roe solver. This new methodology for computing approximate upwind matrices is par-
ticularly well adapted to the stochastic discretization since the computation of the fitting polynomial can be localized to each
stochastic element, thereby making the procedure more robust and efficient.

The paper is organized as follows. In Section 2, the stochastic hyperbolic framework is presented, including the stochastic
approximation spaces and the stochastic Galerkin projection. The hyperbolicity of the Galerkin system is investigated in Sec-
tion 3. Numerical methods are described in Section 4. Finally, simulation results are presented in Section 5.

We adopt the following notation: lower case symbols represent deterministic quantities, whereas upper case symbols
represent stochastic quantities.

2. Galerkin projection of stochastic hyperbolic systems
2.1. Probabilistic framework and parametric uncertainty

We are interested in uncertainty propagation and quantification in nonlinear hyperbolic problems. The uncertainty is
treated in a probabilistic framework. We rely on an abstract probability space P = (@, X, du), where @ is the set of random
events, X the associated g-algebra, and du the probability measure. For any random variable H(0) defined on P, the expec-
tation of H is

E[H] /@ H(0)dp(0). (1)

We denote by L%(@,dpu) the space of second-order random variables on P. We assume hereafter that all random quantities
are second-order.

In view of stochastic discretization, we introduce a finite set of N random variables &(0) := {£1(0),...,¢n(0)} defined on P
with known distributions. These random variables will be used to parametrize the uncertain coefficients or initial conditions
of the hyperbolic problem. For simplicity, we consider &(0) as real-valued independent identically distributed random vari-
ables, such that the joined density function of &(0) factorizes, namely

=z

p:y) = || Py, (2)

Il
-

where p(y;) is the probability density function of ¢;(0). We further denote by = the range of ¢ and by P: the image probability
space, P; := (Z, Bz, p;), where Bz is the Borel set of Z. Similarly, [%(Z,p.) is the space of second-order random variables de-
fined on the image space. The expectation operator in the image space is denoted using brackets and is related to the expec-

tation on P through the identity
EIH = [ HE0)du0) = [ Hy)p.()dy = (H). 3)

2.2. Stochastic hyperbolic systems

We consider conservative systems of nonlinear hyperbolic PDEs. The uncertainty can result from a variability of the initial
condition and/or of some coefficients in the model. For simplicity, we focus on one-dimensional spatial domains. The exten-
sion to higher spatial dimension is straightforward at least concerning the stochastic aspects. We seek for U(x,t,¢) solving
almost surely the following conservative system

2UX,t,8) + ZFUX.£,8):8) =0, "

Ux,t=0,¢) =U°(x,¢).
Let Q c R be the bounded spatial domain over which the problem is posed and let Ay ¢ R™, m > 1, be the set of admissible
values for the solutions which we assume independent of the random event. For instance, for the Burgers equation, we can
take Ay = R, whereas for the Euler equations, .4, is the set of states with positive density and pressure. Then,
U:(xt,¢) eQx[0,T] x B-Uxt, &) e Ay ® I*(E, p;) denotes the uncertain state vector of conservative variables parame-
trized by ¢ U°x,¢) is a parametrization by ¢ of the uncertain initial condition, and F: (U;¢) € Ay ® LZ(E,pi)x
E-FU¢) eR™ @ LZ(E,p,:) is the uncertain flux function, involving some random coefficients parametrized again by ¢. More-
over, since the domain € is bounded, appropriate boundary conditions have to be enforced at the boundary 9€; they will be
specified in Section 5 when presenting the test cases.

For smooth U, the system (4) can also be written in the non-conservative form

2UX,t,E) + VyF(U(x,t,6); &) 2U(x,t,¢) = 0,
Ux,t=0,¢) = Ux,¢).
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This stochastic system is assumed to be hyperbolic in the sense that the stochastic Jacobian matrix VyF € R™™ & [*(Z, p,) is

R-diagonalizable almost surely, that is, for almost every ¢ € =, there exist m eigenvalues A(-;&),..., A™(-; &) and m associ-
ated eigenvectors W'(-;¢),...,W™(-; &) forming a complete basis of R™, such that

VuF(¢) =P (:6)D( &P+ ¢) (6)
with
D(:;¢) = diag(A*( &)y m and P(5&) = (W'(58) - WM(:). (7)

The matrices D(-; &) and P(-; ¢) are in R™™ ® L*(Z, p.). To alleviate the notation, the dependence of the eigenvalues and eigen-
vectors on U is omitted in the sequel.

2.3. Stochastic discretization

To approximate the solution in L*(Z,p:), we need a stochastic discretization of the problem. This is obtained by consid-
ering an appropriate Hilbertian basis of random functionals in ¢ spanning L*(Z,p,),

L*(Z.p,) = span{¥1(2), ¥2(0),-..},  (¥a¥y) = by, 8)

where J,; denotes the Kronecker symbol. The discrete solution is sought in a finite dimensional subspace S” constructed by
truncating the Hilbertian basis:

S = span{¥,(¢), ¥2(8),..., Pe(&)} C L*(E,p,), dim(S") =:P. 9)

We assume for simplicity that ¢ is a uniform random vector in [0,1]" (an isoprobabilistic transformation can be used to map
the original independent random variables to this random vector [18,19]). The image probability space is then
Pe:=([0,1]", Bgyp, 1), where By v is the Borel set of [0,1]™.

We decompose the stochastic domain [0, 1]N dyadically and approximate the stochastic solution by piecewise polynomial
functions. In addition to the number N of random variables ¢&; in the parametrization, this approximation depends on the
resolution level Nr > 0 (controlling the minimal size of the Stochastic Elements (SE), that is, the discretization cells in the
stochastic domain) and on the expansion order No > O (controlling the degree of the piecewise polynomial approximation).
Let i = (iy,...,in) € {1,...,2"}N be a multi-index and let K; = {¢ € [0, 1]N,¥1 <j < N,& € 27V (; — 1),27V;]} be the associ-
ated stochastic element. Thus, we define S">N' as the stochastic approximation space of piecewise polynomial functions

SYN = 1[0, - R Vi € {1, 2V N € O, [El (10)

where @Y, [¢] denotes the vector space of real polynomials in RN with degree <No in each variable &;. The space SN has
dimension

dimsNN = (No + 1)N2"V' —: PP, =: P, (11)

where P, := (No + 1)N is the dimension of the local polynomial basis on each stochastic element, and P, := 2NN is the num-
ber of stochastic elements. The spaces SNN form a hierarchical family since SNN ¢ SN'N' for No < No’ and SNoN ¢ gNoN®
for Nr < Nr'. It is also possible to work with smaller stochastic approximation spaces, for instance spanned by polynomials of
total degree <No, that is, using sparse polynomial tensorization instead of full polynomial tensorization. The resulting
changes in the numerical method will be indicated whenever relevant.

Two kinds of basis can be considered. Firstly, S">N can be spanned by the hierarchical Multi-Wavelet (MW) system of
order No and resolution level Nr introduced in [18]. Alternatively, SN>\' can be spanned by local Legendre polynomial bases,
where each function of SN is expanded in each stochastic element of size 27" on a local fully tensorized basis with dimen-
sion (No + 1)N of Legendre polynomials. For convenience, Legendre polynomials are henceforth defined with respect to the
reference interval [0,1]. The case Nr =0 corresponds to the classical continuous approximation (Wiener-Legendre expan-
sion), while the choice Nr > 0 and No = 0 leads to the Wiener-Haar expansion (piecewise constant approximation). In view
of adaptive algorithms, the MW basis provides a natural framework. The SE basis is more convenient for theoretical analysis
and implementation. Therefore, unless stated explicitly, we focus in this work on the SE basis, which we denote by
{¥.(&)}o=1. . p- In practice, o is a double index, a = {05, a,}, the first index () referring to the stochastic element and the
second (o) referring to the polynomial function within the stochastic element.

The approximate solution in S := SNN is expanded as a series in the form

P
U, t, ) m U (X, 1,8 = (%, 1) Pa(8). (12)
=1
The deterministic R™-valued fields u,(x,t) are called the stochastic modes of the solution (in S*). If UF(x,t, ¢) is known, then
u, = (¥, U"). The knowledge of the stochastic modes allows one to compute interesting statistic quantities, such as expecta-
tion, variance, higher moments, density functions, and cross-correlations, relying either on analytic expressions or on a sam-
pling of =.
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2.4. The Galerkin system
The computation of the stochastic modes u,(x,t) is based on a weak interpretation, or Galerkin projection, of (4). Project-
ing (4) on the basis of S* and accounting for orthonormality, we obtain
2uy(x,t) + & (P,FU" ) =0,Va=1,...,P, a3)
U, (x,t =0) = (¥, U, Va=1,...,P.

Eq. (13) shows that the ath stochastic mode of the approximate solution is governed by an equation that generally couples
all the stochastic modes in the term (¥,FU®;.)). It is convenient to define the vectors of stochastic modes and fluxes

Uy (x,t) fi(u)
ux, t) = : , fux )= - (14)
Uup(X, t) fr(w)
with
fulu) == (P,FU";-), a=1,...,P, and UP:EP:H/:Y’/;(@. (15)

p=1

The component vector u must belong to the admissible set A, c R™™" such that u e A, « U"(&) = 3" u, ¥, (¢) €
Ay ® [*(Z, p:). With obvious notation for u°, the deterministic Galerkin system takes the simple form

{e}%”("» £) + 5 f(u(x.1)) =0,

u(x,t = 0) = u(x). (16)

Thus, the problem on u has the same form as the original stochastic problem (4), except that the state vector is now of size
mP.

3. Hyperbolicity of the Galerkin system

Before detailing the construction of a numerical method to approximate the Galerkin system (16), we investigate the
hyperbolicity of this system. Introducing the Galerkin Jacobian matrix of order mP such that
(Vuf(u))a./le, P = (VUF(UP§ VYo ¥p)o 1. ps (17)

we aim at understanding whether this matrix is R-diagonalizable.

The advantage of using SE bases rather than MW bases for investigating the R-diagonalization of the Galerkin Jacobian
matrix V,f is that owing to the adopted index convention, this matrix has a diagonal block structure. Indeed, (V.f)x; =0
whenever Supp(¥ ) N Supp(¥ ;) has zero measure. Consequently, V,f is diagonalizable if and only if each block in the diag-
onal is diagonalizable. Such blocks are of size mP, x mP, and correspond to a given stochastic element. The issue of the
hyperbolicity of the Galerkin system can then be studied for the case Nr = 0.

An interesting point is that the two different representations of V,f using the MW basis or the SE basis for the stochastic
denote the transition matrix between the two bases, such that YY" (¢) = ZS:]Bw ¥,(&), for all «=1,...,P, that is,
B)1cayer = (P, Let VfMY ¢ R™™ be the representation of the Galerkin Jacobian matrix using the MW basis. Then,
forall o,p=1,...,P,

(V™) = (VUF(UF; ) PR W) = S (VUF(U By ¥ B W) = 3 By (Vif 5B = (BV.B') . (18)

7.9

Moreover, B is orthogonal owing to the orthonormality of the two bases, which implies that V" and V,f are similar and
therefore proves the equivalence of the two representations with respect to R-diagonalization.

3.1. Stochastic symmetric hyperbolic systems

Theorem 1. Consider either sparse or full polynomial tensorization for the stochastic space SNN'. If the stochastic Jacobian matrix
VuF(-; &) is symmetric, then the Galerkin Jacobian matrix V,f is R-diagonalizable. In particular, the Galerkin projection of a scalar
conservation law always leads to a hyperbolic system.

Proof. If VyF(-;¢) is symmetric, then the Galerkin matrix V,f defined by (17) is also symmetric and therefore R-
diagonalizable. O
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3.2. Stochastic eigenvectors independent of the uncertainty

Theorem 2. Consider either sparse or full polynomial tensorization for the stochastic space SNON', If the eigenvectors of the
stochastic Jacobian matrix VyF(-; ¢) are independent of the uncertainty, then the Galerkin Jacobian matrix V ,fis R-diagonalizable.

Proof. If the eigenvectors of VF(-; ¢) are independent of &, then the spectral decomposition (6) becomes
VuF(5¢) =py'D(&pe With pg = (wy - wp), (19)

where w},....,wl' are independent of ¢. A generic element in V,f can be identified with the multi-index (wi,fj) with
ij=1,...,mand «,f=1,...,P, in such a way that

(Vif )i = (VoF(U": )3 ¥a¥5) = D (P )ieA (Po)ig ¥ ¥p) = D (Po el A“ ¥ ) (Do)

k k
= %: Z{éw(pal)ik}{éklé</1kg’”/ o) oy p(Po)ii} = %: Z(q)ai‘yk(d)yk,y’k’(r)y’k',[}j =(q d 1)y (20)
Ko Ko7

where d is the block-diagonal matrix of size mP x mP such that

(d) o = S (AW, W), 21)
and g and r are mP x mP matrices such that

(@Daige = 003 (Po ks (Naegy = F3(Po)ig- (22)
Each block of the diagonal of d is symmetric, and therefore R-diagonalizable so that d is R-diagonalizable. Besides,

@)y = Zk(q)xi.'yk(r)yk.ﬁj = Z,(Pﬁl)ikfswéwi(Po)kj = 0y, (23)

P 7k

which means that g = r~'. This concludes the proof. O

Remark. Theorem 2 provides another proof of the fact that the Galerkin system derived from a stochastic scalar conserva-
tion law is hyperbolic. Indeed, W(¢) =1 is the eigenvector of VyF € R® LZ(E,pL;). A relevant application of Theorem 2 is the
scalar wave equation with uncertain sound velocity. Theorem 2 can also be applied to linear hyperbolic systems with uncer-
tainty only on initial or boundary conditions.

3.3. An approximate Galerkin Jacobian matrix

In the most general case, the Galerkin Jacobian matrix V,f is not guaranteed to be R-diagonalizable. However, we can
identify an R-diagonalizable approximation of V,f obtained by quadrature, denoted by V,f, for which explicit expressions
of the eigenvalues can be derived. The main application of this result (see Section 4) is to use the spectrum of V,f to compute
a fitting polynomial that can then be applied to the Galerkin Jacobian matrix V,f to approximate its absolute value in the
context of upwind matrices for Roe-type solvers.

To study the R-diagonalization of V,f, we can assume that Nr = 0 since the extension to Nr > 1 is straightforward owing
to the block diagonal structure of the Galerkin Jacobian matrix. Moreover, it is sufficient to consider the one-dimensional
stochastic case (N = 1). In this case, we denote by {¢,};,-0.. .no the set of P=No + 1 Gauss points in [0, 1], i.e., the (No + 1) zer-
oes of the Legendre polynomial of degree (No + 1), and by {w;},-0, . N0 the associated quadrature weights. The extension to
N > 1 is straightforward, owing to the tensorized structure of the polynomial basis so that the multidimensional Gauss points
are simply obtained by tensorization of the one-dimensional Gauss points.

Theorem 3. Assume that the stochastic Jacobian matrix VyF(-;¢) is defined at the (No + 1) Gauss points in [0,1]. Consider the
matrix V,f obtained by approximating the coefficients of the Galerkin Jacobian matrix V,f by the above Gauss quadrature, namely

7=0

o No
(Vuf (W) 0,50 = (Z @, VuF(U"(&,); f}’)qjx(f}’)g/ﬂ(fa’)> : (24)
o,p=0,....No

(") 500 = (VE¥8) 5 0. Nov (25)

where Vﬁ(g’“) € R™ ® SP is the polynomial of degree <No + 1 in ¢ such that
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Vl;,(in’) = (31711’Wk(§17)7 ’7/ = 07 sy No. (26)

Here, {AX(&)}er... .m and {WX(&) 1., . are the eigenvalues and eigenvectors of the stochastic Jacobian matrix VyF(-; &) defined by
(7).

Proof. We observe that le"ov"( £) is the interpolation polynomial of WX(¢) at the (No + 1) Gauss points. Since the order of
the quadrature is (2No + 1), for all V(¢) € S, (W,V) is exact for all f=0,...,No if evaluated using the quadrature. Hence, for
all =0,...,No,

(U3); = (FVy) Z @, V(&) Pp(&) = oy WH(E) Pp(&y). (27)
Furthermore, observe that for all ¢,

No

ST (W), () = Vi), (28)

=0

since the basis is orthonormal. As a result,

- No No No No
(Vrwey), => (Z 0, VuF(U (&) f;,vw’a(éwaﬁ(éy)) (o) = > 0, V(U (6): &) Wa(5,) (Z(vﬁ»a"ﬂ(éy))
y=0

=0 \ 7=0 p=0

No
= @, VyF(U(&,)); &) Wo( &)V (&) = 0y Wa(E)) VuF (U (&) £ W (&) = @y Wa(E) A (&) WH(E,)
=0

= A%(&)(2)),- (29)
Moreover, the eigenvectors defined by (25) form a complete basis of R™™°*1 Indeed, let m(No + 1) reals (awydk=1,....mp=0.. N

be such that 37, , a, 1/,7 = 0. This yields the stochastic vector 3>=,37, , ai, (2, ) ¥, (). Evaluating it at &, for any #' = 0 o,
we obtain

Z Z akn Z [ <Z tx(én’)) = Z aknvi;(éﬂ’) =

o kny kny k.

thatis, > auy W"(f,7 ) = 0. Since for each #/, the stochastic eigenvectors Wk( &) form a complete basis of R™, we infer o, = 0
for all k=1,...,m. Since #’ is arbitrary, the proof is complete. O

Remark. Theorem 3 can be exploited when working with partial polynomial tensorization since the approximate eigen-
values only serve as data to compute a fitting polynomial. This point will be further discussed in Section 4.3 and illustrated
numerically in Section 5.2.3.

4. Numerical method

The Galerkin system (16) is discretized using a FV method [12,34]. Consider for simplicity a uniform spatial step Ax and
discrete times t" with time step At" = t"*! — " verifying a CFL condition specified below. The FV scheme takes the form

At"
u;‘H] = U? _E((p(ux 7u1+1) (p(uln—hu?))a (30)

where u! is an approximation to the mean value in space of the solution u in the cell of center iAx with width Ax at the time
t" and ¢(-,-) is the numerical flux. On a given interface LR separating left and right states indexed by L and R respectively, the
numerical flux is chosen in the form

g ug) =TT gt~ 61

where I (f(ur) + f(ug)) is the centered part of the flux and a € R™"*D™P+1) 5 3 (nonnegative) upwind matrix whose construc-
tion will be discussed in Section 4.3.

4.1. Roe matrix and Roe state

We assume that the original stochastic problem (4) possesses a Roe matrix A" (U, Ug; ¢) € R™™ ® LZ(E,pi) almost surely.
Recall that AR¢(Uy, Ug; ¢) verifies the following properties:

o AR%(U, Ug; ¢€) is R-diagonalizable, YU, Ug € Ay ® L*(Z, p,).
e Consistency with the stochastic Jacobian matrix Vy F,
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AYC(U,U;) = VuF(U;¢), YU € Ay @ LX(Z,p,).
e Conservativity through shocks,
F(Ug; &) — F(Uy; ¢) = A" (UL, Ug; €)(Ug — Uy), VUL, Ug € Ay ® L*(E, p;).

Theorem 4. Consider either sparse or full polynomial tensorization for the stochastic space SN, Under the above hypotheses,
Yu, ug € Ay, the matrix a(ug, ug) € R™™ defined by

a(ur, ug) = (A (U, Ugs ) Po®p)pmn, o (32)
with UF (&) = S0 (ug), W, (&) and Uk(¢) = SF_ (ug), Wa(&), verifies the following properties:

e Consistency with the Galerkin Jacobian matrix Vf,
a(u,u) = Vuf(u), VueA,.
e Conservativity through shocks,

flug) = f(ur) = a(up, ug)(ug — uy), Vi, ug € Ay.

Proof. To prove the consistency with the Galerkin Jacobian matrix, observe that Vu € A,, letting U” = Zzzﬂla Y,.(8),

a(u,u) = (AU, U" )W)y p = (VF U)W ®p)spp = Vif (W)

To prove the conservativity through shocks, observe that Vu;,uz € A, and Va=1,...,P, letting UIL) = Z;,l (uL)ﬁ'I’/;(g’) and
UII; = zgzl(uR)ﬂ (&),

(f(ug) — f(ur)), = (F(Ug; ) = F(UJ;)) W) = (A (U], Ug; ) (Uy — Up) W)

<AR°e (UL, Ug ) Y ((¥Up) — (WﬁUf>)9’ﬂ’/f> = D (AU Ug; ) W) ((PyUR) — (P4UD)

p=1 p=1

P
Z — (ur)g)-

p=1

This completes the proof. O
Assume furthermore that for all U, Ug € Ay ® LZ(E,pé), there exists a Roe state URe® € Ay LZ(E,ps) almost surely such
that

A*(UL, Ug; €) = VuF(UL": ©). (33)
Then, for all U, Uy, € Ay ® 8", introducing Ufe® € Ay @ L*(Z, p;) such that A% (U}, Up; &) = VyF(USE; &), we set

aff = a(u, ug) == (VuF(URS: ) o)y (34)

Moreover, if a®® is R-diagonalizable, this matrix is a Roe linearized matrix.
4.2. An efficient method for approximating the absolute value of a matrix

Let A be a deterministic R-diagonalizable matrix of size N4. The method presented here holds for a general matrix A; its
application to stochastic hyperbolic systems is detailed in Section 4.3. By definition, |A| is the co-diagonalizable matrix with A
whose eigenvalues are the absolute values of the eigenvalues of A,

\
A=Y 4l e, (35)
=1

__________ s=1..n, the right eigenvectors. It is
possible to dlagonahze A and to compute |A| usmg (35) but in practice this method is extremely costly. A more interesting
method has been proposed in [29], which consists in computing a sequence of polynomial iterations based on the exact
knowledge of the eigenvalues (or at last an explicit bound), and converging to the matrix sign if all the eigenvalues are real.
However, this method also becomes costly when N4 grows. Another method has been proposed in [7], relying on the com-
putation of a polynomial which interpolates some absolute values of the eigenvalues of A. We derive here a new method
based ona single computation of a low degree polynomial Our method is clearly less costly, and it is also better adapted
values of A. The method consists in finding a polynomial g, with degree d (dis ﬁxed a lﬁriorl) which minimizes the
least-squares error between || and q4 (1, (%,), and then applying this polynomial to the matrix A in order to approximate |A].
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Let g(X) = Zjl-j:OCij be a polynomial. We seek ¢, (,;, which minimizes the error Z;’Q](\A;\ - qd_(,»/)()_,’y))z. It is well-known
that this minimization problem is equivalent to solving a linear system with the polynomial coefficients (¢j)-o, ..q as un-
knowns. This system of size (d + 1) x (d + 1) can be written as

Ny 10 7/0 N 10 4rd Ny 11110
5 5 5
DD D e o 2o 1214
y=1 y=1 Co y=1
_ (36)

Ny Ny C Ny

qrd 410 i 4rd d 1y qrd
DIV Wele PO
V= i V=

Solving this linear system yields the coefficients (¢;)j-o, . 4 that define the polynomial g, ;. We then apply this polynomial to
A and obtain an approximation of |A]. For efficiency, Horner’s method [33, p. 44] can be used: q4,(A) can be rewritten as

a1y (A) = Col + (cil + (2l + - + (ca_1] + c4A) - - - A)A). (37)

The number of matrix-matrix products is thus reduced to d instead of d(d — 1)/2 if all the powers of the matrix were com-
puted independently. Therefore, the computational cost is proportional to d instead of being of order d2. We can further re-
duce the computational cost in the present case since we only evaluate the product of |A| times a given vector x. By
computing directly g4 ;1 (A)x, the cost is reduced to d matrix-vector products instead of d matrix-matrix products.

4.3. The upwind scheme

We apply the method presented in the previous section to approximate the absolute value of af¢¢ ¢ R™ ™ at each inter-
face LR in the spatial domain. To this purpose, we assume to have at our disposal explicit expressions of the eigenvalues
A5 8),...,A™(-; &) of the stochastic Jacobian matrix VyF and we evaluate these eigenvalues at ULR,‘Qe(i) and at the Gauss
points of each stochastic element. This yields the approximate eigenvalues {1,},_; _.p- In other words, we use the eigen-
values of the matrix V,f identified in Theorem 3, although we stress that this matrix is never formed or evaluated. In the
case of full polynomial tensorization, the number of approximate and exact eigenvalues is the same. In the case of sparse
polynomial tensorization, there are more approximate eigenvalues than exact eigenvalues. The resulting fitting polynomial
is still expected to catch relatively well the exact eigenvalues. Indeed, because of localization on each stochastic element, the
eigenvalues are expected to be clustered around the eigenvalues of the stochastic Jacobian matrix VF in each stochastic
element. We refer to the end of Section 5.2.3 for an example. Choosing a degree d then yields a polynomial g, ;. The linear
system (36) can be singular if the number of distinct approximate eigenvalues is less than d. In particular, this occurs in the
deterministic case. To properly handle this issue, we use a Singular Value Decomposition method. Moreover, an important
point is that we exploit the diagonal block structure of the Galerkin Jacobian matrix V,f by evaluating a fitting polynomial on
each stochastic element. The key advantage is that the polynomial has to fit less points, so that computations are at the same
time more efficient and more accurate. As a result, Eq. (38) below is applied separately on each stochastic element using a
specific polynomial.

The numerical flux in the Finite Volume scheme (30) is chosen in the form

o, ug) =TT g, eyt 38)

We emphasize that this flux is a numerical (upwind) flux associated with the Galerkin system (16), and not the projection of
a numerical flux associated with the original stochastic problem (4) as some methods discussed in the introduction propose.
Specifically, the constructed flux is not equivalent in general to the flux that would result from a non-intrusive projection
using deterministic Roe fluxes at some collocation or quadrature points. In the present method, some collocative information
is used to calculate the polynomial g4 ., but this polynomial is applied to the Galerkin Jacobian matrix, so that we refer to
our method as intrusive.

Finally, the time step At" is selected from a CFL-condition based on the highest characteristic velocity over the spatial and
stochastic discretization cells. In practice, At" is computed such that

n
At C (39)

other words, the maximum of the eigenvalues over the stochastic domain is evaluated by considering the eigenvalues at the
Gauss points of all the stochastic elements. In the sequel, we set the CFL constant C to 0.95.

We observe that the matrix qd7{2/)(a,*_‘,§e) is not guaranteed to control the eigenvalues of af® (this matrix is not even guar-
anteed to be nonnegative). Indeed, approximate eigenvalues have been used to build g, ;,,, and, in addition, this polynomial
only provides a least-squares fit to the eigenvalues. This issue can possibly be handled by tightening the stochastic resolution
or increasing the polynomial degree d; these aspects will be further explored numerically in the next section. Furthermore, it
is also possible to lower the CFL constant C as a safeguard in the case where the eigenvalues are underestimated.
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5. Results

The methodology presented in the previous sections is assessed on three test cases. The first two deal with the Burgers
equation and the third one with the Euler equations. Unless specified, full polynomial tensorization is used to span the sto-
chastic approximation space. Furthermore, it is well-known that Roe solvers need to be supplemented with an entropy cor-
rector to prevent non-entropic shocks across sonic points. The present test cases are designed so as to avoid this situation.
The extension of the present Roe solvers to include entropy correctors is possible. Details are reported elsewhere [35].

5.1. Test case 1: Burgers equation with positive wave speeds

The goal of this first test case is to assess the proposed methodology for a stochastic scalar conservation law (the Burgers
equation) so that the Galerkin system is guaranteed to be hyperbolic from Theorems 1 or 2, and involving only a positive
wave speed so that the computation of |a®®| is trivial.

5.1.1. Problem definition
We consider a one-dimensional spatial domain € = [0,1] with periodic boundary conditions. The governing equation, in
conservative form, is

ou  OF(U) U
E OX - 07 F(U) - 7a

and we consider an uncertain initial condition U°(x, ¢) consisting of three piecewise constant deterministic states in x. Spe-
cifically, the three states are u' =1, u?> = 1/2, and ©® = 1/6, and the position of some jumps is uncertain: the jump from
states @' to % occurs at a random location X;, having a uniform distribution in [0.1,0.2], while the jump from states T?
to @ occurs at a random location X, 3 having a uniform distribution in [0.3,0.4]. Finally, the jump from states @ to u' is
at x3; = 0.6. The random locations X; ; and X5 3 are independent and parameterized using two independent random variables
&1 and &, respectively, both with uniform distribution in [0,1]:

X12=01+0.1¢&, X33=03+0.1&, &6 ~U[0,1]. (41)

Therefore, the problem has two stochastic dimensions (N = 2), and the dimension of the approximation space for expansion
order No and resolution level Nr is dimS™N = (No + 1)22%",

The initial condition is discretized on the spatial mesh by taking cell averaged random states as initial values. At the sto-
chastic level, the discretization uses piecewise continuous bilinear approximations over the 22" stochastic elements for
No > 1, or the stochastic element averaged state for No = 0. The bilinear approximation uses nodal interpolation at the ver-
tices at the stochastic elements, so that initial discrete states are continuous in the stochastic domain. This procedure pre-
vents the presence of overshoots in the initial data. However, no particular treatment is applied to enforce the stochastic
continuity during time integration. Fig. 1 provides an illustration of the random initial condition for a spatial discretization
with Nc = 200 uniform cells in the spatial domain. The plot shows a sample set of 20 realizations of the random initial con-
dition U%x, &), with its expectation and standard deviation. It can be observed that the realizations present slightly inclined
shocks, an effect caused by the cell average procedure and which can be reduced by taking a finer spatial mesh.

(40)

5.1.2. Time integration

The stochastic Burgers equation is time-integrated using the Roe solver described above. We recall that since U is a scalar,
the Galerkin problem is hyperbolic. The evaluation of the stochastic expansion of the nonlinear flux F(U) relies on an exact
Galerkin projection using the third-order multiplication tensor M,; defined below by Eq. (55). Similarly, the Galerkin Jaco-
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0.2 <U(x,t=0)> h
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X

Fig. 1. Random initial condition for test case 1: sample set of 20 random realizations, mean, and standard deviation.
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It is well-known that for the deterministic Burgers equation, the eigenvalue of the stochastic Jacobian matrix VF is U.
Because in the present setting the initial condition is almost surely positive for any x, we expect U> 0 with probability
one, for all (x,t). Therefore, the spectrum of the Galerkin Jacobian matrix is expected to be strictly positive, so that the
upwinding matrix of the Galerkin problem reduces to the Galerkin Jacobian matrix (the polynomial transformation is in fact
the identity).

Fig. 2 shows the stochastic solution at times t = 0.2, 0.4, 0.6, and 0.8. The computation uses Nr = 3 and No = 3, so that the
dimension of the stochastic space is 42 x 82 = 1024. The solution expectation and standard deviation, together with a random
sample set of realizations, are also plotted. The realizations are reconstructed from the stochastic expansions of the solutions,
using a unique set of randomly generated realizations of ¢ € [0,1]%

Focusing first on the stochastic solution, we observe that the proposed method correctly captures the dynamics of the
Burgers equation. The shocks are transported with the correct velocity and the discontinuities remain sharp as time evolves.
For t = 0.2, the first shock whose velocity is 0.75 has not yet reached the second shock whose velocity is 1/3. At t = 0.4, a frac-
tion of the realizations corresponds to a situation where the first and second shocks have merged. At t = 0.6, the shocks have
merged for nearly all realizations, a situation which is fully achieved at t=0.8. It can be observed that the realizations,
although corresponding to the same sample set of ¢ in all plots, present a different distribution before and after the shocks
have merged. Indeed, since the merging happens at different times depending on the initial locations of the two shocks and
the shock velocities are different before and after merging, the location of the shock at later times is not expected to be
uniform.

The uncertain shock dynamics can also be analyzed from the standard deviations of the stochastic solution: not only the
maximum standard deviation is larger at t = 0.8, denoting the higher amplitude of the discontinuity, but the profiles are dif-
ferent. The expectation plots confirm the previous observations. While the uncertainty in shock location induces an affine
evolution of (U) with x when the two shocks are distinct, a variable slope of (U) with x is observed after the shocks have
merged: this indicates a non-uniform distribution of the shock location after merging. Similarly, the dynamics of the (deter-
ministic) rarefaction wave is well captured.

In addition to the analysis of the uncertain shock dynamics, Fig. 2 also demonstrates that the Roe solver for the Galerkin
system does not create spurious uncertainty in the solution, through numerical diffusion for instance. This can be better seen
from Fig. 3 where the space-time diagrams of the solution expectation and standard deviation are plotted over the larger
period of time ¢t € [0,2]. For time t > 0.7, in a moving frame attached to the remaining shock, the standard deviation reaches
a maximum at t =~ 1 where it peaks at g(U) ~ 0.42, and then slowly decays. This decay is not a numerical artifact, but is in-
duced by the deterministic rarefaction wave which has grown up to occupy the whole domain, as seen from the expectation
plot where the plateau U= 1 has disappeared for t > 1.
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Fig. 2. Solution of the stochastic Burgers equation at different times. The solution mean (red) and standard deviation (blue) are plotted as a function of x,
together with a reconstruction of 20 randomly generated realizations (green). Computations with Nr = 3 and No = 3. (For interpretation of the references to
colour in this figure legend, the reader is referred to the web version of this article.)
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X

Fig. 3. Space-time diagrams of the expectation (left) and standard deviation (right) of the stochastic Burgers solution. Contours are in the range [0,1] with a
constant spacing 0.05. Computations with Nr =3 and No = 3.

For analysis purpose, we define a moving observation point x,(t) = 0.25 + 0.5t. The observation point is initially located
between the two stochastic shocks. Since the velocity of x, is lower than 0.75, x, will be caught-up by the first random shock.
Moreover, since x, moves faster than the second shock, there is a time interval for which the stochastic solution at x, cor-
responds to a set of events ¢ with different configurations of the shocks. This is seen from Fig. 4 where the stochastic solution
U(x,(t),t,¢) is plotted as a function of ¢ = (&, &;) for various times t € [0.2,0.7]. For t = 0.2, the observation point starts to be
caught-up by some events corresponding to the largest realizations of X; ,: the solution is a function of ¢; only. At t=0.3, a

Ui

% Yoo
= A‘z'v;';"
S

Fig. 4. Stochastic solution of the Burgers equation at observation point x,(t) as a function of (¢;,¢;) and for different times as indicated. Computations with
No=3 and Nr=3.
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larger fraction (roughly 1/4) of the first shock has overrun the observation point, and the stochastic solution exhibits two
plateaus. At t = 0.4, the observation point starts to reach the second shock, introducing some dependence on ¢, while a frac-
tion of events corresponds to shocks having merged. This creates a stochastic solution with three distinct plateaus with
respective values 1, 1/2, and 1/6, whose configuration evolves in time. At t= 0.7, the solution at the observation point is
essentially constant and equal to 1, with only a small fraction of events for which U=1/6.

These results demonstrate the ability of the proposed method to account for nonlinear dynamics and complex interaction
between random shocks. However, plots in Fig. 4 deserve more comments. Firstly, although the numerical scheme allows for
discontinuities across the stochastic discretization cells, the solutions reported here appear essentially continuous. While the
initialization procedure ensures stochastic continuity of the initial condition, the numerical method maintains satisfactorily
this property as time advances, as expected from the properties of the Burgers equation, provided that the resolution is fine
enough. Secondly, the transitions between the states are smooth. This is due to the numerical diffusion of the Roe method
which is known to spread the shocks over a few spatial cells. The smoothness of the stochastic solution reflects this spatial
numerical diffusion. This point will be further evidenced below, where we show that the smooth transitions in the stochastic
domain have a characteristic thickness independent of the stochastic resolution. In addition, we can observe that the smooth
transitions are thicker along the second (¢&;) stochastic direction than along the first (¢;). This is due to the different shock
velocities (effects of different local CFLs).

5.1.3. Convergence analysis

We present in Fig. 5 the stochastic solutions at the observation point x =0.5 and time t=0.5 for different stochastic
discretizations. The plots of the first line illustrate the convergence of the approximation with the expansion order No,
while those of the second line highlight the convergence with the resolution level Nr. It is seen that when the stochastic
discretization is too coarse, the solution exhibits significant discontinuities between stochastic discretization cells. More-
over, as claimed above, the transition thicknesses in the stochastic domain become independent of No and Nr as they
increase.
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Fig. 5. Stochastic solutions of the Burgers equation as a function of (¢;,¢&;) at x = 0.5 and time t = 0.5 for different stochastic discretization parameters Nr and
No as indicated.
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5.2. Test case 2: Burgers equation with positive and negative wave speeds
The purpose of this test case is to assess the method still for the Burgers equation (so that the Galerkin system is guar-

anteed to be hyperbolic), but in a situation involving positive and negative wave speeds thereby requiring the calculation of
|aRee| as outlined in Sections 4.2 and 4.3.
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Fig. 6. Random initial condition for test case 2: sample set of 20 random realizations, mean, and standard deviation.
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Fig. 7. Stochastic solution of the Burgers equation at different times. The solution mean (red) and standard deviation (blue) are plotted as a function of x,
together with a reconstruction of 20 randomly generated realizations of the solution (green). Computations with Nr = 3 and No = 3. (For interpretation of
the references to colour in this figure legend, the reader is referred to the web version of this article.)
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5.2.1. Problem definition
We still consider the Burgers equation, but with stochastic initial condition U°x,¢) defined using two uncertain states,
U'(¢,) and U (&), the first one almost surely positive and the second one almost surely negative. We take for x € [0,1],

Ut (&), x<1/3,
U0(x, &) ={ U (&), x>2/3, (42)
U'(&)2-30+U(&)3Bx—1), 1/3<x<2/3,

such that U%x, ¢) is continuous for any ¢ < [0,1]%. We define the stochastic states as

US(E) =1+0.12¢8 - 1), & ~u[0,1] — U ~u[0.9,1.1],

43
U (&) = —1+0.05(2¢ — 1), & ~u[0,1] — U™ ~u[-1.05,-0.95], (43)

and we solve the stochastic Burgers equation with Dirichlet boundary conditions, U= U"at x=0and U=U" at x = 1. The ini-
tial condition is illustrated in Fig. 6. Nc = 200 cells are used for the spatial discretization.

5.2.2. Time integration

Although initially continuous, the stochastic solution will develop in finite time a discontinuity with a stochastic jump
|[U* — U™| and a stochastic propagation velocity (U* + U~)/2. The stochastic character of the shock magnitude and velocity
has to be contrasted with the situation of the previous test case, where the jumps and shock velocity were certain. This yields
a more complex situation as illustrated in Fig. 7 where the solution is plotted at different times for the stochastic discreti-
zation parameters No = 3 and Nr = 3 so that dims"°"" = 1024.

From the realizations in Fig. 7, we observe the appearance of overshoots which are related to the Gibbs phenomenon. We
emphasize that no instability occurs as time increases. In order to verify this assertion, we compare in Fig. 8 randomly gen-
erated realizations of the solution obtained by our method with realizations obtained by a non-intrusive projection method.
Specifically, we rely on tenzorized quadratures with Nf2 points on each stochastic element to compute the solution modes at
the selected analysis time. At each quadrature point, the stochastic solution is computed using a deterministic code also
based on a Roe solver. Since U is not a polynomial in ¢, the number of quadrature points cannot be selected a priori; for
all the results shown, we used Nq = 16, a value for which the quadratures are sufficiently accurate for all expansion orders
No and resolution levels Nr investigated. Note that the non-intrusive projection requires the resolution of a fairly large num-
ber (162 x 22N"= 256 x 4"") of independent deterministic Burgers equations. We see that overshoots are also present for the
realizations of the stochastic expansion obtained by the non-intrusive method. Moreover, for both approaches, overshoots
can be reduced by increasing the stochastic resolution. In addition, we compare in Fig. 9 the maximum value of the stochastic
solution of the Burgers equation as a function of time for Nr =4 and No = 3 using the present method and a non-intrusive
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Fig. 8. Reconstruction of 20 randomly generated realizations of the stochastic solution of the Burgers equation at t = 1.0 s. Computations with different Nr
and No using the present method (left) and a non-intrusive projection method (right).
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Fig. 9. Maximum value of the stochastic solution of the Burgers equation as a function of time for Nr =4 and No = 3 using the present method and a non-
intrusive projection method.

projection method. We observe that the maximum value increases with time in both cases until reaching a plateau at time
t ~ 2.35. This again corroborates the stability of our method. Further test cases (omitted for brevity) show that the size of the
overshoots can be reduced by increasing Nr at No fixed or vice versa.

To get further insight, we present in Fig. 10 the evolution of the solution at a fixed point x, = 0.5 and different times. The
plots show the evolution from the initially smooth solution to a shocked solution with states U" or U~ according to the sign of
2(&; — 1/2) — (& — 1/2). In addition, it is seen that overshoots occur only in a neighborhood of the discontinuity, namely in
stochastic elements containing the developing discontinuity. Using a finer stochastic discretization (increasing Nr) delays the
emergence of the overshoots and reduces the portion of the stochastic domain affected by them.
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05 ' ' ' "” -0.5 '

K ,%"o«"o"'"'m : """""""'/t" i
’"0 ” 4 ‘ v' ' "

Fig. 10. Stochastic solution of the Burgers equation as a function of (&;,&;) at x = 0.5 and different times as indicated. Computations with Nr =3 and No = 3.
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5.2.3. Validation of the method used to evaluate the upwinding matrix

Another interesting property of the present test case is that contrary to the previous one, there exist spatial cells where
the solution U can take positive and negative values. As a result, the eigenvalues of af¢® are no longer always positive, and the
polynomial q used to approximate the absolute value of ake is no longer trivial as in the previous example. We then inves-
tigate the impact of the selected polynomial degree d of q on the computed solution. In the example presented previously, we
used polynomials with degree d = 3. In Fig. 11 we report the stochastic solution at x = 0.5 and t = 0.5 computed using increas-
ing polynomial degree d. It is seen that for d = 1, the solution exhibits spurious discontinuities and overshoots across the sto-
chastic discretization cells containing the developing shock (where the solution changes sign) meaning that the eigenvalues
of the upwinding matrix are not approximated with enough accuracy. When d = 2, the overshoots and discontinuities are
greatly reduced compared to the case d = 1. Increasing further d does not bring significant improvement in the solution.
In fact, at this stage the error in the solution is essentially dominated by the stochastic and spatial discretization errors,
whereby the error in the approximation of |ake¢| for d > 3 is negligible.

To measure more precisely the error on the approximation of |af¢|, we compute the set of exact eigenvalues {1y}4-1, ._p Of
akee We then compare the quantities |4,| with their respective polynomial approximation q(4,). The error is quantified using
the following quantities

1<,
& =5 (1%~ ()7 and € = max||iu| — q(2a). (44)
=1 ST

We recall that the fitting polynomial q is actually different on each stochastic element. In Fig. 12 we present the error mea-
sures at t=0.4 as a function of x. We first remark that the error is limited to the portion of the spatial domain where the

Fig. 11. Stochastic solution of the Burgers equation as a function of (¢;,&;) at x=0.5 and t=0.5 and for different degrees d of the polynomial q to
approximate the absolute value of af¢. Computations with Nr=3 and No = 3.
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Fig. 12. Measures ¢, (left) and €., (right) of the errors on the eigenvalues of the absolute value of af¢¢ at time t=0.4 and different degrees d of the
polynomial q. Computations with Nr=3 and No = 3.

stochastic shock can be present, and diminishes as d increases. Both error measures appear to stagnate when d increases
beyond 5 as can be expected since the estimated eigenvalues (at the tensorized Gauss points) used for the determination
of q are not the actual eigenvalues of af¢e.

Finally, we have verified that the present procedure to compute approximate upwind matrices can be applied when
working with sparse polynomial tensorization. To this purpose, we have proceeded as described in Section 4.3. The profiles
of the stochastic solution as a function of (&4, &,) are similar to those reported in Fig. 10, indicating that the approximate up-
wind matrix is sufficient to yield stable computations.

5.2.4. Convergence of the stochastic error

We take advantage of this simple problem setting to investigate the convergence of the stochastic solution. Indeed, for
this Riemann problem, we can easily derive the exact solution U(x,t,¢) for any given ¢, hereafter denoted U®*, as long as
the shock has not reached one of the domain boundaries [12]. We rely on a Monte-Carlo sampling strategy to estimate
the two first moments of U*. We proceed as follows. Firstly, a random sample set of M realizations of ¢ is generated by sam-
pling uniformly [0,1]2. Secondly, for each element & of the sample set, we define u(x,t) := U*(x,t,&?) for i=1,...,M. The
sample set estimate of the mean is

1Y,
U0 ~ g7 doul (.0 = EUT(x1), (45)
i-1
while the sample set estimate of the standard deviation is
ex 1 u i ex ex
a*(U™)(x,t) ~ i Do = EU™)(x,t) = a2(U™)(x,1). (46)

i=1

To minimize the random sampling error in the empirical estimate, we use M = 100,000.

In Fig. 13, we compare the mean and standard deviation of the exact and computed solution for No=2 and Nr=4 att= 0.6
on a mesh with Nc = 201 cells. It is seen that the means of the computed and exact solutions are in excellent agreement. For
the standard deviations, computed and exact solutions are in good agreement, although the computed solution slightly un-
der-estimates the standard deviation with less than 5% of relative error. The top panel of Fig. 14 presents the spatial distri-
bution of the error of the standard deviation for various resolution levels of the spatial grid and for fixed stochastic
discretization parameters No =2 and Nr = 4. We observe that refining the spatial grid improves the accuracy. The bottom

% .

* %
0 ghe XK 306 0 KA A K KKK K " K K K K KKK K X K

Computed mean
Exactmean  +

-1r Computed Std-Dev --------

. Exaclt Std—Dlev *

04 042 044 046 048 05 052 054 056 058 06

Fig. 13. Comparison of the mean and standard deviation of the numerical solution at t=0.6, computed with No=2Nr=4, and Nc=201, with the
corresponding MC estimates of the mean and standard deviation of the exact solution of the stochastic Burgers equation. Only a portion of the
computational domain is shown for clarity.
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Fig. 14. Errors in the standard deviation at t = 0.6 for different spatial meshes. Top: Error distribution in spatial domain for No =2 and Nr = 4. Bottom:
Spatially integrated error for No = 2 and various Nr.

panel of Fig. 14 displays for No =2 and various Nr the spatially integrated error defined as S = Ax>_, (6(U?) — a(U}))?,
where the subscript i refers to the spatial discretization cell. The results show that except for the lowest stochastic resolution
level and the finest spatial grid, the error is dominated by the spatial discretization error.

To further analyze the stochastic convergence of the method, we monitor the convergence on a fixed spatial mesh with
Nc =201. We consider the error measure

M .
=5 > [ U e ) UG )P (47)
i=1

where U°N"(x, t, ¢9) and U} (x, t, ¢7) are evaluated for each element ¢ in a sample set from the stochastic expansion of the
computed solution and by solving the corresponding deterministic (discrete) Burgers problem respectively. We use a sample
set with cardinality M = 10,000. Fig. 15 reports the stochastic error €2 at t = 0.6 and t = 1.8, as a function of the resolution level
Nr and for expansion orders No = 1, 2, and 3. In these simulations, the approximation of the upwind matrix uses a polynomial
degree defined as d = min(8,(No + 1)?). For both times, we observe a similar decay rate of the stochastic error as a function of
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Fig. 15. Stochastic error € at t = 0.6 and t = 1.8 as a function of the resolution level Nr and for different expansion orders No as indicated. Computations
with Nc = 201.



6504 J. Tryoen et al./Journal of Computational Physics 229 (2010) 6485-6511

resolution level. The errors are larger for longer times, since the shocks have expanded on a larger portion of the spatial
domain.

5.3. Test case 3: Euler equations

In this section, the method is tested on the stochastic Euler equations with one random parameter. The goal of this
test case is to assess the method on a nonlinear hyperbolic system of conservation laws, so that the obtained Galerkin
system is not guaranteed to be hyperbolic. We consider the one-dimensional Sod shock tube problem, where the flow of
an ideal gas is governed by the Euler equations. Conventional thermodynamic notation is used instead of the lower/
upper case convention adopted previously. The conserved quantities are the fluid density p, the impulse q = pv (with
v the velocity), and the total energy E=1/2pt? + pe, where the first term is the kinetic energy and the second one
the internal energy (per unit volume). The tube extends over one unit of length and is closed by two rigid walls at
x=0 and x=1. Boundary conditions are g =0 and ‘)p % =0 at the solid walls. The discretization uses Nc =250 cells
in the spatial domain.

5.3.1. Problem definition

We consider an uncertainty on the adiabatic coefficient y which is parametrized using a unique random variable ¢ having
a uniform distribution in [0, 1]. We consider a uniform probability distribution of y in the range [1.4,1.6], so that the param-
etrization is

P& =14+02¢, &~ U], (48)
Consistently with the notation introduced above, we set

Ux,t, &) = (p(X,£,€),q(x,t, &), E(x, £, ¢)) € Ay © L*(5, p,), (49)
where Ay c R? is the set of admissible states such that the density and the pressure are positive, and

F(U;¢) = (Fp(U; &), Fa(U; €), Fe(U3 ) = (4(¢). (°/p + P)(©), (W(E+P))(¢)) € R* @ [*(Z, ;) (50)

with the pressure p given by the ideal gas law
1
P(p.0.B) = - 1)(E-5p0°). (51)

The initial conditions are

(1, xe0,1/2]
P = {0.125, X e 1/2,1),

1, x €[0,1/2],

0125, x € |1/2,1]. (52)

LX) =0 and px) = {

5.3.2. Numerical solver
532 1. Computation of the Galerkin ﬂux f(u) e R*. Let u = (p,,q,,E,), € R*" yielding the expansions p"(¢) = S°F_, 0, ¥, (%),
Za 10, ¥ (¢), and EF(¢ Za 1Eo ¥ (&). Then, the Galerkin flux has components (f,, fgo feo)x such that (fx)e (fge)o
and (fEcx)zx are the stochastic modes of the components F,(U; &), Fy(U; €), and F(U; ¢) of the flux F(U™; &) with UP = (p",¢",E").
Contrary to approaches that compute the Galerkin flux in a non-intrusive way by quadrature formulae, we consider an
approximation of the Galerkin projection of the flux F(U'; ¢) on S°. Exact Galerkin projections of the stochastic Euler fluxes
can hardly be envisioned since they would result in unnecessary complex nonlinear operations. As motivated in [6], pseudo-
spectral computations allow for significant computational savings, while introducing negligible numerical errors as long as
the stochastic resolution is fine enough. Furthermore, proceeding step by step in the approximation of the nonlinear fluxes
yields intermediate quantities, such as kinetic energy and sound velocity, that can be re-used at different steps of the numer-
ical scheme, in particular when computing the Roe state.
Tools for accurate evaluations of polynomial and non-polynomial functions of variables represented by stochastic expan-
sions are described in [6]. Letting a(¢) = 3°,a, P, (¢) € S* and b(¢) = > sbsPp(&) € S®, the product ab can be expanded as

P P P
£) = <Z ay 'Pa) (Z b/; W/g) = Z a;(b/; v, ql/p (53)
=1 p=1 o, p=1
Generally, (ab) ¢ S” since this function possesses terms with degree >No. Its Galerkin projection on S" is given by
P
(axb): Z (axb),¥,, (axb), Z agbs Mgs, (54)
o=1 p.o=1

where we have introduced the third-order multiplication tensor
Mo{/{(} = <lpquﬁql(j>. (55)
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This third-order tensor depends only on the stochastic basis, can be computed once and for all at the beginning of the sim-
ulation, and its sparse character in the stochastic space is exploited for its storage. The so-called Galerkin product (a * b) is
the building block for evaluating the projection on S of more general nonlinearities. For instance, the Galerkin projection on
S” of 1/a, which we denote by a—*, and the Galerkin projection on S of v/a, which we denote by a*/2, are obtained from the
resolution of the linear system axa* =1 and from the resolution with Newton’s method of the nonlinear system
a*? x a*/? = q, respectively. These problems can be solved independently in each stochastic element.

For the Euler equations, we define the components F,(U";¢), F;(U";¢), and F;(U";¢) of the stochastic flux F¥(U";¢) as
follows:

Fo(Us) =g, Fo(Us) = ("% q") = (p") " +p", Fe(U's) = v % (E' +p), (56)

where v :=q" « (p")* and p* := (7 — 1) * (E* — (" = ¢") * (p")*/?). We observe that F*(U"; ¢) is only an approximation of the
Galerkin projection of F(U™; ¢) since the composition of the elementary Galerkin operations (product, inversion) introduces a
so-called pseudo-spectral approximation. Consistently, the pseudo-spectral Galerkin flux is denoted by

frw) = W)y = B fo fen) o (57)

where (f;,),, (fy,), and (fg,), are the stochastic modes of F*(U”; ). All in all, the computation of the pseudo-spectral Galerkin
flux amounts to four Galerkin products and a Galerkin inversion.

5.3.2.2. Computation of the Galerkin Jacobian matrix. The pseudo-spectral Galerkin Jacobian matrix V,f*(u) € R*"3" is given by

P
Viuf*(u) = (Z(VUF*(UP§ '))sMaﬁ(s) . (58)
o=1 ap
Introducing the enthalpy H* := (E* + p*) « p—*, VyF*(U"; ) is defined as
0 1 0
VUF*(UP;-): 1/2(y —3) « (v x v¥) —(y=3)*x v y=11. (59)

120 - D« (v« (v *v)—v'«H H —(y-1)*(v'xv") y*v°

In terms of computational costs, this approach requires nine Galerkin products and a Galerkin inversion owing, in particular,
to the re-use of the Galerkin product (¢* x ).

5.3.2.3. Computation of af¢ and its absolute value. The Roe density, velocity, enthalpy, and corresponding sound velocity are
approximated on S for a given interface LR as

PiRs = (D) (pR)2, o = () v+ (pR)% x wi) * (D)2 + () ), (60)
HIR®™ = ()%« Hy + (pp)"% + Hy) = (p})* + (0]) %)™, (61)
(o) = (7 = 1) % (HR™ — (U * v7°)/2). (62)
This yields Ufe®* and the pseudo-spectral Roe matrix ate®” is given by
P
agee” = ( (VyF" (U, -))aMm) . (63)
o=1 B

awy

Fig. 16. Space-time diagram of the deterministic density (left) and the expected density computed with parameters No =2 and Nr = 3 (right).
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Fig. 17. Space-time diagram of the standard deviations in the density for early (left) and longer times (right) computed with parameters No = 2 and Nr = 3.
Different color scales are used.

Fig. 18. Reconstruction of the stochastic density p(x,t,¢) at selected times.

Finally, the absolute value of afe®* is computed as described in Sections 4.2 and 4.3, using the approximation in S* of the

stochastic eigenvalues of VyF*(UN®(¢);¢) at Gauss points in each stochastic element, that is, (z,8° icz?e’*)(g’ﬂ)nzo No

Roen s o o T YURAMIRAS 5/ o e FRAAES TN RARD ST AT MR AR I AT MR AS/g=0,...
and ”nge'*(fﬂ)nzo,...,No-
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5.3.3. Results

In this section we present and analyze the results for the shock tube problem with uncertainty in the adiabatic coefficient.
We begin with a general analysis of the results, taking No = 2 and Nr = 3 as stochastic discretization parameters, so that the
dimension of the stochastic space is 24.

In the deterministic case and for the initial condition (52) for a certain realization of y(¢), a shock wave generated at the
discontinuity travels to the right with velocity v+ c, while a slower rarefaction fan travels to the left with velocity v — ¢, and a
contact discontinuity wave travels to the right with velocity ». When the waves reach the solid wall, they are reflected inside
the spatial domain and so propagate toward each other, merge, and interact. When the waves have crossed, they continue to
propagate up to the point where they again reflect on a wall, and so on.

Here, the uncertain sound velocity will affect the propagation velocity of the shock, contact discontinuity, and rarefaction
fan. Solutions for different realizations of y(¢) exhibit similar patterns as in the deterministic case, but with different slopes
for the shock, contact discontinuity, and rarefaction fan in the space-time diagram. This is verified in Fig. 16 where the den-
sity in the deterministic case (with adiabatic coefficient set to (y)) and its expectation in the stochastic case are plotted. The
spreading of the location of both the shock and the contact discontinuity when time increases is clearly visible, while for the
rarefaction fan, which is already smooth in the deterministic case, the impact of the uncertain sound velocity is less
pronounced.

The impact of the uncertainty can also be appreciated from the standard deviations of the density, reported in Fig. 17 for
early and longer times. The highest values of the standard deviations are observed along the path of the shock wave, the
maximum values corresponding to times at which the shock wave reflects on the tube walls. For early times (t < 0.25),
uncertainty is present only in areas where the shocks can depend on the sound velocity in the prescribed uncertainty range.
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Fig. 19. Convergence of the stochastic density p(x,t,¢) with No. Nr =3, t =6.5.
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The first process leading to larger uncertainty levels is the shock-wall interaction since the arrival of the shock at a wall
causes an abrupt increase of the density over a short time interval. The uncertainty in the arrival time of the shock therefore
induces a large variability in the solution. The second process leading to larger uncertainty levels is the interaction between
the uncertain shock, contact discontinuity, and rarefaction fan.

To assess the validity of the stochastic expansion, we show in Fig. 18 a reconstruction of the stochastic density p(x,t,¢) at
selected times. The discontinuity in p(x,-,¢) is initially in the x-direction. As time increases, the density becomes discontin-
uous in both x- and ¢-directions since the shock wave propagates with an uncertain velocity. In the (x, £)-plane, the discon-
tinuity becomes more and more oblique reflecting a monotone dependence of the shock velocity on ¢. For points (x, &) not too
close to the discontinuity, the solution is smooth and appears to be accurately approximated by the stochastic expansion. In
the neighborhood of the discontinuity, the solution exhibits small unphysical oscillations that are triggered by the well-
known Gibbs phenomenon so that the density takes values slightly outside its expected range. Such oscillations appear to
be caused by an unsufficient stochastic resolution and can be reduced by increasing the resolution level and/or the polyno-
mial order of the stochastic approximation. This is illustrated in Figs. 19 and 20, which show the convergence of the density

field as the value of No or Nr is increased. Oscillations become smaller as the level of stochastic resolution increases.
We define the error measure on the density as

172
1 . o,Nr i i
0 = (M S (M £, €0) — pieic é<>>>2> |
i=1

where p}°N"

(64)
(x,t,¢9) and pYC(x, t, ¢V) are evaluated for each element ¢ in a sample set from the stochastic expansion of the

computed solution and by solving the corresponding deterministic (discrete) Euler problem respectively. We use a sample
set with cardinality M = 10,000. Fig. 21 reports the error €,(x,t) for early and longer times using parameters Nc = 250, Nr = 3,
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Fig. 20. Convergence of the stochastic density p(x,t,¢) with Nr. No=1, t =6.5.
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Fig. 21. Stochastic error €,(x,t) for early (left) and longer (right) times. Computations with Nc = 250, Nr =3, and No = 2.

and No = 2. For early time, uncertainty has not propagated all over the spatial domain. We can distinguish three zones of
error corresponding to the neighborhoods of the three waves. We notice as expected that the error hits its maximum in
the neighborhood of the shock. As time increases, uncertainties propagate all over the domain. The zone of error correspond-
ing to the shock spreads and the discontinuity in the (x,¢)-plane becomes more oblique. Furthermore, after several reflec-
tions of the waves on the walls (t=6.5), the error remains small indicating that no instability occurs at longer times. In
Fig. 22, we examine the convergence of the error €,(x,t = 6.5) as the value of No or Nr is increased, confirming that both
parameters can be used to improve stochastic resolution.

To complete the discussion, we provide a brief estimate of the computational efficiency of the numerical method for the
Euler problem with random y. We show in Table 1 the evolution of the computational times for different stochastic discret-
izations. CPU times (Tcpy) are reported for an integration of the Euler equations up to t=3 on a fixed spatial grid with
Nc =250 cells, and are normalized by the computational time using No = Nr =0, i.e. for the deterministic problem. Since
the time step for the integration is based on a fixed CFL, it also depends on the stochastic discretization: the measured times
correspond to different numbers of iterations performed. However, we observed roughly 0.5% variability in the number of
time iterations between the most and least refined simulations; hence, CPU times can also be interpreted as times to perform
a fixed number of iterations.

Inspection of Table 1 shows a linear scaling with the number 2" of stochastic elements for fixed polynomial order No.
This scaling was expected and achieved owing to the decoupling of the Galerkin problems over the stochastic elements
for the projection on the SE basis. This linear scaling with respect to the number of stochastic elements is expected to hold
also for problems with higher stochastic dimension (N > 1); however, the overall CPU time increases significantly with N
owing to the exponentially growing dimension of the local stochastic basis (except for No = 0). For fixed resolution level
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Fig. 22. Stochastic error €x(x,t = 6.5) for various No and Nr. Computations with Nc = 250.

Table 1
Normalized computational times Tepy for different stochastic discretization parameters Nr and No.
Nr=2 Nr=3 Nr=4
Teru dimsNNe Teru dimsNNe Tery dimshNe
No=0 4.0 (4) 8.1 (8) 16.1 (16)
No=1 6.9 (8) 13.9 (16) 27.8 (32)
No=2 11.8 (12) 23.2 (24) 46.5 (48)
No=3 171 (16) 34.1 (32) 68.1 (64)
No=4 24.8 (20) 49.3 (40) 98.0 (80)
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Nr, the scaling of Tepy with the dimension of SN is roughly linear at least for No < 4. There are two effects. Firstly, the spec-
tral evaluation of the nonlinearities in the flux and Roe’s states has a complexity (number of operations) that essentially
scales with the number of nonzero terms in the third-order multiplication tensor M,;, which itself increases exponentially
with No. Secondly, as No increases, a higher degree d has to be used for the polynomial approximation of the upwind ma-
trixes, resulting in higher computational costs. The second effect can be tempered, based on the numerical experiments on
the Burgers equation, by limiting d to a low value; the present simulations actually used d + 1 = min(9,3(No + 1)), since
allowing for higher degree d for No > 3 was found to have no significant effect on the solution. All in all, the complexity
of the nonlinearity resolution appears to be the most limiting factor of the present method, and this effect is expected to
be worse for problems with higher stochastic dimension N (see for instance [16]): this trend pleads for using stochastic
approximation spaces with low-degree polynomials for non-smooth stochastic problems.

6. Conclusion

In this paper we have investigated theoretically and numerically an intrusive Galerkin method for stochastic hyperbolic
systems of conservation laws, exhibiting discontinuities in both spatial and stochastic domains. The method is based on the
Galerkin projection of the original stochastic problem on a space of piecewise polynomials and uses a Roe-type solver with
upwind matrices that are efficiently computed by an original and fast method. Numerical tests on the stochastic Burgers and
Euler equations in one spatial dimension and, respectively, in two and one stochastic dimensions indicate that the method is
accurate and robust while maintaining moderate computational costs. Despite these improvements, Galerkin projection
methods remain expensive, especially to explore problems with higher stochastic dimensions. To reach their full potential,
Galerkin projection methods need further developments, in particular stochastic adaptivity. This is the focus of ongoing
efforts.
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